The model of Kondo chain with M -fold degenerate band of conduction electrons of spin 1/2 interacting with localized spins S is studied for the case when the electronic band is half filled. It is shown that the spectrum of spin excitations in the continuous limit is 
The first term is the spin Berry phase responsible for the correct quantization of local spins. Since the integrand in the Berry phase is a total derivative, the integral depends only on the value of m on the boundary, i.e. on m(u = 0, τ ) = m(τ ), m(u = 1, τ ) = (1, 0, 0). The introduction of the additional variable u is a price one has to pay for the fact that the Berry phase cannot be written as a local functional of m r (τ ).
I shall follow the semiclassical approach assuming that all fields can be separated into fast and slow components. The fast components then will be integrated out and as a result I shall obtain an effective action for the slow ones. This approach is self-consistent if the obtained correlation length for spins is much larger then the lattice spacing. In ordinary antiferromagnets this requirement is fulfilled only for large spins S >> 1. As we shall see later, the Kondo chain is semiclassical even for S = 1/2 provided the exchange integral is small JM << 1. I suggest the following decomposition of variables:
where | k|a << 1 is the fastly varying ferromagnetic component of the local magnetization. Substituting Eqs. ( 3) into Eq. ( 2) and keeping only non-oscillatory terms, I get:
where
is the topological term first derived by Haldane 5 . As far as the non-electronic part of the action is concerned, my derivation repeats the one presented in Ref.
The interaction of electrons with ferromagnetic fluctuations has been omitted;
it can be shown that at small JM << 1 it gives insignificant corrections.
The fermionic determinant is calculated later (see Eq. ( 29) 
Integrating over fast ferromagnetic fluctuations described by k, I get
After the rescaling of the coordinates vτ = x 0 , x = x 1 I get the action of the O (3) nonlinear sigma model with the dimensionless coupling constant
This constant is small at JM << 1 which justifies the entire semiclassical approach. At |M − 2S| = (even) one can omit the topological term. In this case the model Eq. ( 7) is the ordinary O(3) nonlinear sigma model. This model has a disordered ground state with the spectral gap 6,7
and the correlation length ξ ∼ Ja/∆ >> a. If |M − 2S| = (odd) the topological term is essential 5 . The model becomes critical and the correlation functions of staggered magnetization have a power law decay. The specific heat is linear at small temperatures without requiring, however, the single electron density of states to be constant at the Fermi level.
Now I shall evaluate the fermionic determinant
where g is a matrix from SU(N) group and m is some constant energy scale (in the context of the model ( 1) m = JS and g = ( σ n)). N = 2 in the original problem, but it is worth to do the calculation for general N. I shall study the expansion of the determinant ( 11) in terms of m −1 ∇g. The first terms of this expansion are independent of m and survive even at m → ∞. I claim that the gradient expansion contains a Berry phase. To prove this point I take a route which may seem exotic, but I do not know any better way to get the right answer. As a preliminary step I consider the chiral Gross-Neveu model with the U(M) × SU(N)-symmetry described by the following action:
The Greek indices belong to the group SU(M) and the Latin ones to SU(N). To avoid a confusion I emphasise that this model is not equivalent to the original model and I consider it only because the effective action for its low energy excitations are given by the determinant ( 11) . In order to show that I introduce the auxilary field Q ab and decouple the interaction term by the Hubbard-Stratonovich transformation. Interacting formally over the fermions we obtain the partition function for the tensor Q ab :
As in the standard U(N)-invariant Gross-Neveu model, the effective action has a saddle point with respect to Q + Q and fluctuations of det Q are massive. This can be shown in the standard fashion. Assuming that the saddle point configuration of Q is coordinate independent and as such can be chosen as a diagonal real matrix: Q(x) = diag(λ 1 , ...λ r ), I calculate the density of effective action ( 13) on this configuration:
where Λ is the ultraviolet cut-off. The saddle point value of Q, being a point of minimum of this function, satisfies the following equation:
which solution is
The performed calculation suggests that for slowly varying fields Q one can substitute Q ab in the T r ln in Eq. ( 13) by mg ab where g is an SU(N) matrix. In other words, the effective action for excitations of the model ( 12) with energies << m coinsides with the fermionic determinant ( 11) with m given by Eq.( 16).
On the next step of the derivation I use the fact that due to the identity 2τ a 1 τ a 2 = 1/2 −P 12 , where P 12 is the permutation operator, the chiral Gross-Neveu model ( 12) can be rewritten as the model with current-current interaction:
where τ r are matrices -generators of the SU(M) group. The two models differ by a term containing a diagonal scattering. This term does not renormalize and therefore is not important. Now I apply to the model ( 17) the non-Abelian bosonization procedure suggested by Witten 8 (see also the book 9 ). Namely, I
rewrite its Hamiltonian in the Sugawara form: 21) where I have introduced the chiral currents satisfying the Kac-Moody algebra;
for the group SU(N) the corresponding defenition is 
The Hamiltonian ( 25) is the Hamiltonian of the Wess-Zumino-Witten model on the group SU(N). Its spectrum is the subsector of the free fermionic spectrum generated by the SU(N) current operators. The model is conformally invariant and exactly solvable 11, 12 . In order to extract from these results an expression for the determinant ( 11), I rewrite the model ( 23) in the Lagrange representation 8−12 :
where g is a matrix from the SU(N) group (g + g = I, det g = 1). The second term in the right hand side of Eq.( 27) is called the Wess-Zumino term. This term is topological. Despite of the fact that it is written as an integral including the additional dimension, its actual value (modulus 2πiN) depends on the boundary values of g(x, ξ = 0) = g(x) (g(x, ξ = 1) = 0). This property follows from the fact that the Wess-Zumino term is proportional to the integral of the Jacobian of transformation from the three dimensional euclidian coordinates to the group coordinates, and so it is a total derivative in disguise.
Now we can recognize in Eq.( 27). Indeed, its first part (except of the WessZumino term) represents the first term in the gradient expansion of T r ln-term in Eq. ( 13) . Indeed, at small momenta |p| << m this term is equal to
Now let us write down the Q-field as follows:
where g belongs to the SU(N) group. Substituting this expression into Eq. ( 28) and taking into account that T rg + ∂ µ g = 0 as a trace of an element of the algebra, 
where A SU (N ) [g] is given by Eq.( 27) and the second term represents the static part of the determinant. For the particular case g = ( σ n) I get
Let us discuss the excitation spectrum. I shall do it only for M = 1. In this case the original model has a combined symmetry SU(2) × SU(2) (the additional SU(2)-symmetry arises as a particle-hole symmetry at the half-filling), excitations carry two quantum numbers -spin S, and an isotopic spin I. 
